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Abstract
Using the analytic extension method, we study Hawking radiation of an
(n+ 4)-dimensional Schwarzschild-de Sitter black hole. Under the condition
that the total energy is conserved, taking the reaction of the radiation of
particles to the spacetime into consideration and considering the relation
between the black hole event horizon and cosmological horizon, we obtain
the radiation spectrum of de Sitter spacetime. This radiation spectrum is
no longer a strictly pure thermal spectrum. It is related to the change of
the Bekenstein-Hawking(B-H) entropy corresponding the black hole event
horizon and cosmological horizon. The result satisfies the unitary principle.
At the same time, we also testify that the entropy of de Sitter spacetime is
the sum of the entropy of black hole event horizon and the one of cosmological
horizon.
Keywords: Hawking radiation, entropy correction, high dimensional de
Sitter black hole
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1 Introduction
Research on the correction value of B-H entropy of black holes is one of the
hot researches. There are many methods to discuss the correction value of
B-H entropy [1-18]. Most people believe that the correction expression of
B-H entropy of black hole is
S =
A
4
+ χ ln
A
4
+O
(
1
A
)
+ const, (1)
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where A is the area of the black hole horizon, χ is a dimensionless constant.
However, at present, the exact value of logarithmic term coefficient in the
correction to black hole B-H entropy is not clear.
Within the appropriate range of parameters, de Sitter spacetime not only
includes the balck hole horizon but also has the cosmological horizon. Both
the black hole horizon and the cosmological horizon have thermal radiation.
And they have different temperature. The entropy of black hole horizon and
cosmological horizon satisfy the area formula [19]. For de Sitter spacetime,
ones expect that the thermodynamic entropy of this spacetime is S = Ah/4+
Ac/4[20,21], i.e. it is equal to the sum of the black hole horizon entropy and
cosmological horizon entropy, where Ah and Ac are the area of black hole
horizon and cosmological horizon respectively. At present, there is not good
method to testify that the entropy of de Sitter spacetime is the sum of the
black hole horizon entropy and cosmological horizon entropy [22].
In 2000, Parikh and Wilczek proposed the method to calculate Hawking
radiation [23]. A lot of research are made using this method, their results all
support the result obtained by Parikh and Wilczek[24-41].
It is well-known that a black hole can be taken as a thermodynamic
system with temperature and entropy. For a spacetime that does not include
a cosmological term, all state parameters of this thermodynamic system are
reflected on the surface of the black hole horizon. The window where the
black hole transfers information to the outside world is the black hole event
horizon. However for the spacetime that contains a cosmological term, the
state parameters of black hole not only embodies on the black hole horizon
surface but also on the cosmological horizon surface. So the window that
de Sitter spacetime transfers information to the outside world includes the
black hole horizon and the cosmological horizon. Because state parameters of
the black hole horizon and the cosmological horizon are de Sitter spacetime
state parameters, there must have relation between the radiation of the black
hole horizon and the one of the cosmological horizon[42-44]. At present,
there is not such a research on the radiation spectrum of de Sitter spacetime
after considering the relation of the black hole horizon and the cosmological
horizon.
The organization of this work is as follows. Section 2 devotes to extending
the Damour-Ruffini method[45,46] and under the condition that the total
energy is conserved, taking the reaction of the radiation of particles to the
spacetime into consideration and considering the relation between the black
hole event horizon and the cosmological horizon, we obtain the radiation
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spectrum of de Sitter black hole. This radiation spectrum is no longer a
strict pure thermal spectrum. It is related to the change in the B-H entropy
corresponding the black hole event horizon and the cosmological horizon.
The result satisfies unitary principle. We also derive the coefficient of the
logarithmic correction term of the B-H entropy in de Sitter black hole in
section 3. We testify that the entropy of de Sitter spacetime is the sum of
the entropy of black hole event horizon and one of cosmological horizon in
section 4. Finally, we discuss our results in section 5. Throughout the study,
the units G = c = h¯ = 1.
2 The radiation spectrum of (n+4)-dimensional
Schwarzschild-de Sitter black hole
We start with an (n+ 4)-dimensional SdS black hole solution, whose metric
is [20,21]
ds2 = −
(
1− r
n+1
0 M
rn+1
− λr2
)
dt2+
(
1− r
n
0 + 1
rn+1
− λr2
)−1
dr2+r2dΩ2n+2, (2)
where for a positive cosmological constant Λ, we have
λ =
2Λ
(n+ 2)(n+ 3)
, rn+10 =
16pi
(n+ 2)Ωn+2
,
M is an integration constant, Ωn+2 denotes the volume of a unit (n+2)-sphere
dΩ2n+2[20,21]. The cosmological horizon rc and black hole horizon rh are two
positive real roots of the equation, 1 − rn+10
rn+1
− λr2 = 0. The cosmological
horizon is the larger one and the black hole horizon is smaller one. The
cosmological horizon of the SdS solution has the Hawking temperature T
and the B-H entropy S
T =
1
4pirc
[(
n+ 3)λr2c
)
− (n + 1)
]
, S =
rn+2c Ωn+2
4
. (3)
The gravitational mass of the SdS black hole [47,48]
E = −M = r
n+1
c
rn+10
(
λr2c − 1
)
. (4)
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Thermodynamic quantities correspond the cosmological horizon satisfy
the first law of thermodynamics
dE = TdS. (5)
On the other hand, the black hole horizon rh in the SdS solution has also
associated Hawking temperature T˜ and B-H entropy S˜
T˜ =
1
4pirh
[
(n+ 1)−
(
n+ 3)λr2h
)]
, S˜ =
rn+2h Ωn+2
4
. (6)
The Abbott and Deser (AD) mass E˜ of the SdS solution is [49]
E˜ = M =
rn+1h
rn+10
(
1− λr2h
)
. (7)
Thermodynamic quantities correspond the black hole horizon satisfy the first
law of thermodynamics
dE˜ = T˜ dS˜. (8)
In curved spacetime, Klein-Gordon equation of particles with rest massµ0is
1√−g∂µ(
√−ggµν∂νΦ)− µ20Φ = 0, (9)
where
√−g = sin θrn+2 cosn θ
n−1∏
i=1
siniθi.
Considering the condition that the radiation flow and outgoing flow in any
fixed closed supersurface should be equal, we separate variables and derive[50]
Φ =
1
r
n+2
2
eiωteimϕR(r)S(θ)Yjn(θ1, · · · , θn−1, φ), (10)
where Yjn(θ1, · · · θn−1, φ) are the hyperspherical harmonics on the n-sphere
that satisfy the equation
n−1∑
k=1
1∏n−1
i=1 sin
i θi
∂θk
[(
n−1∏
i=1
sini θi
)
∂θkYjn∏n−1
i>k sin
2 θi
]
+
∂φ∂φYjn∏n−1
i=1 sin
2 θi
+j(j+n−1)Yjn = 0.
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The function R(r) and S(θ) are then found as the solutions to the decou-
pled equations
1
rn
dr

rn∆dr

R(r)
r
n+2
2



+
(
r4ω2
∆
− Λjlm − µ20
)
R(r)
r
n+2
2
= 0, (11)
1
sin θ cosn θ
∂θ(sin θ cos
n θ∂θS)+
(
Λjlm − m
2
sin2 θ
− j(j + n− 1)
cos2 θ
)
S = 0, (12)
where ω is the energy of radiation particles, m is the projection of the ra-
diation particle angular momentum on rotation axis, ∆ = r2(1 − λr2) −
rn+10 M/r
n−1, Λjlm is the separation constant.
After the black hole radiated particles with energy ω, M in spacetime
line element (2) will be replaced with M − ω. Therefore, after consider-
ing the reaction of radiation to spacetime, we define the tortoise coordinate
transformation [18,51]
dr∗ =
r2
∆ω(r,M − ω, )dr. (13)
Eq.(11) is reduced to as
d2R(r)
dr2∗
+
(
ω2 − ∆ω
r4
U(r)
)
R(r) = 0, (14)
where
U(r) = Λjlm +
(n+ 2)(n+ 3)
4
− (n+ 2)(n+ 4)
4
λr2 + µ20r
2.
Let rω satisfies ∆ω(rω) = 0, thus near r = rω Eq.(14) can be reduced to
d2R(r)
dr2∗
+ ω2R(r) = 0. (15)
The solution of Eq.(15) is
R(r) = e±iωr∗ , (16)
These solutions of ingoing wave and outgoing wave on surface r = rω are
respectively
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Ψin = e
−iω(t+r∗) = e−iωv, (17)
Ψout(r > rω) = e
−iω(t−r∗) = e−iωve2iωr∗ , (18)
where v = t+r∗ is Eddington-Finkelstein coordinate. From (13), near r = rω
we have
ln(r − rω) = ∆
′
ω(rω)
r2ω
r∗. (19)
Substituting (19) into (18), we obtain
Ψout(r > rωm) = e
−iωv (r − rω)i2ωr
2
ω/∆
′
ω(rω) . (20)
It is obvious that the solution of outgoing wave is singular at surface
r = rω. Eq.(20) only describes the outgoing particles outside surface rω and
it can not describe the outgoing particles in surface r = rω.
According the analytic extension method proposed in refs[18,42-46,52,53],
we can obtain the outgoing wave of particle with energy ω, the outgoing rate
at surface r = rω is given by
Γω =
∣∣∣∣∣Ψout(r > rω)Ψout(r < rω)
∣∣∣∣∣
2
= e−4piωr
2
ω/∆
′
ω(rω). (21)
The process that the black hole radiates particles with energy ω is an inte-
gration process [18,42-44,52,53], that is ω =
ω∫
0
dω′. So the outgoing rate that
the black hole radiates particles with energy ω is
Γh(i→ f) =
∏
i
Γωi = exp

−4pi
ω∫
0
r2ω′
∆′ω′(rω′)
dω′

 . (22)
Supposing B-H entropy difference before and after the black hole radiation
is
∆S˜ = S˜(E˜ − ω′)− S˜(E˜), (23)
we have
∂(∆S˜)
∂ω′
=
∂S˜(E˜ − ω′)
∂ω′
, d(∆S˜) =
∂(∆S˜)
∂ω′
dω′ =
∂S˜
∂ω′
dω′, (24)
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According to the first law of thermodynamics dE˜ = T˜ dS˜, we derive
dS˜ =
dE˜
T˜
, 1/T˜ (E˜ − ω′) = 4pir
2
ω′
∆′ω′(rω′)
. (25)
Thus
Γh(i→ f) =
∏
i
Γωi = exp
∫
d(∆S˜) = e∆S˜, (26)
where S˜ is the black hole B-H entropy.
For cosmological horizon rc, using the similar method we derive that the
outgoing wave of particles with energy ω has the following outgoing rate on
cosmological horizon surface
Γc(i→ f) =
∏
i
Γωi = exp
∫
d(∆S) = e∆S. (27)
where S is B-H entropy corresponding cosmological horizon.
3 The correction to Bekenstein-Hawing en-
tropy
In the above calculations (26) and (27), we do not consider the factor 1/r(n+2)/2
in Eq.(10). After we consider this factor, from (21), (26) and (27) should be
rewritten as
Γh(i→ f) = r
n+2
ih
rn+2fh
e∆S˜ = exp
[(
Afh
4
− ln Afh
4
)
−
(
Aih
4
− ln Aih
4
)]
= e∆S˜B ,
(28)
Γc(i→ f) = r
n+2
ic
rn+2fc
e∆S = exp
[(
Afc
4
− ln Afc
4
)
−
(
Aic
4
− ln Aic
4
)]
= e∆SB .
(29)
Thus we derive formulas for the first order correction to B-H entropy
corresponding black hole horizon and cosmological horizon.
S˜B =
Ah
4
− ln Ah
4
, (30)
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and
SB =
Ac
4
− ln Ac
4
, (31)
where Ah and Ac are the black hole horizon area and the cosmological horizon
area respectively. From (31), logarithmic correction term coefficient of B-H
entropy in de Sitter black hole is −1.
4 The entropy of de Sitter spacetime
Taking the black hole horizon and the cosmological horizon as a independent
thermodynamic system, the outgoing rate that this system radiates particles
with energyω is obtained by Eqs.(28) and (29) respectively. So, the outgoing
rate that de Ditter spacetime radiates particles with energy ω should be
Γ = ΓhΓc = e
∆S˜B+∆SB . (32)
In quantum mechanics we obtain the probability that the system transfers
from initial state to final state is
Γ(i→ f) = |Mfi|2 · (phase space factor) (33)
The first term in the right side is the square of the amplitude, and the phase
space factor can be written as
phase space factor =
Nf
Ni
=
eSf
eSi
= e∆S, (34)
where Nf and Ni are the number of microstates of final state and initial
state of the system respectively. For a black hole, the number of microstate
is derived from final and initial Bekenstein-Hawking entropies. So Eq.(34) is
the probability that de Sitter spacetime transfers from initial state to final
state after radiating particles with energy ω . Therefore we obtain that the
entropy of de Sitter spacetime is the sum of the entropy of black hole event
horizon and one of cosmological horizon.
5 Conclusion
In de Sitter spacetime both the black hole horizon and the cosmological hori-
zon have particle radiations. The researches on quantum tunneling of these
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kinds spacetimes, Refs.[54-57] considered that the black hole horizon and the
cosmological horizon are independent and discussed the radiation spectrums
respectively. They did not consider the relation of these two horizons.
Since de Sitter spacetime has the black hole horizon and the cosmologi-
cal horizon, the state parameters describing two horizons are the same, the
radiation of two horizons are related. To discuss the radiation spectrum of
de Sitter spacetime, we must consider the relation of these two horizons. In
this paper, we obtain the Hawking radiation spectrum considering the rela-
tion of these two horizons and obtain the result that the entropy of de Sitter
spacetime is the sum of the entropy of black hole event horizon and one of
cosmological horizon. This is a meaningful work for understanding the ther-
modynamic properties of de Sitter spacetime with black hole event horizon
and cosmological horizon.
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